The attenuation of ultrasound in polycrystalline materials is modeled with grain boundaries considered as arrays of dislocation segments, a model valid for low angle mismatches. The polycrystal is thus studied as a continuous medium containing many dislocation "walls" of finite size randomly placed and oriented. Wave attenuation is blamed on the scattering by such objects, an effect that is studied using a multiple scattering formalism. This scattering also renormalizes the speed of sound, an effect that is also calculated. At low frequencies, meaning wavelengths that are long compared to grain boundary size, then attenuation is found to scale with frequency following a law that is a linear combination of quadratic and quartic terms, in agreement with the results of recent experiments performed in copper ͓Zhang et al., J. Acoust. Soc. Am. 116͑1͒, 109-116 ͑2004͔͒. The prefactor of the quartic term can be obtained with reasonable values for the material under study, without adjustable parameters. The prefactor of the quadratic term can be fit assuming that the drag on the dynamics of the dislocations making up the wall is one to two orders of magnitude smaller than the value usually accepted for isolated dislocations. The quartic contribution is compared with the effect of the changes in the elastic constants from grain to grain that is usually considered as the source of attenuation in polycrystals. A complete model should include this scattering as well.
I. INTRODUCTION
Ultrasonic materials characterization and nondestructive evaluation need the scattering of elastic waves in polycrystalline materials to be precisely understood since ultrasonic attenuation and backscatter measurements are used widely to extract the microstructural parameters such as grain size and also to detect flaws in materials.
Most of the current understanding of the acoustic attenuation in polycrystals is due to models that consider the wave scattering caused by the variations of the elastic properties from one grain to the other that result from the different orientations of the single crystals. Grain boundaries are, at least implicitly, treated as structureless, as well as passive, surfaces. Pioneer works from the 1940s to the 1960s 1-4 predicted a quartic dependence of the attenuation on the frequency ͑Rayleigh scattering͒ in the low frequency regime. Further refinements have been considered, mainly to include the texture or anisotropy of materials [5] [6] [7] [8] [9] [10] ͑see also the review in Ref. 11͒ all producing the Rayleigh scattering solution at low frequencies.
Recent improvements in sample preparation and in measurement methods have allowed the comparison, on a quantitative basis, of experimental results with theoretical models. Zhang et al. 12 performed accurate measurements of ultrasound attenuation in copper and copper-aluminum samples; they were able to establish a frequency dependence of the attenuation as a combination of quadratic and quartic terms, a behavior that is not explained by current theoretical models. Let us also mention the recent work of Hurley et al. 13 where the refraction of surface acoustic waves across a single grain boundary has been visualized and measured using optical techniques. In a previous paper, 14 we have proposed a model that focuses on the grain boundaries as the source of scattering. This was done by modeling grain boundaries as dislocation arrays in two dimensions. In the present study, we generalize the study to three-dimensional configurations: the grains are assumed to be limited by "walls" formed of arrays of dislocations, as pictured in Fig. 1 . We expect that scattering by such dislocation walls can produce the combination of quadratic and quartic frequency terms for the attenuation in the low frequency regime, as we have observed this behavior for randomly distributed dislocation segments.
Since Burgers 16 and Bragg 17 in 1940, low angle grain boundaries are known to be described by arrays of edge dislocations. In the 1950s, the works of Shockley and Read 18, 19 showed that the grain boundary energy can be expressed as the energy of a suitable periodic array of dislocations with dislocation spacing h expressed as a function of Burgers vector b and of the misorientation between two grains in the so-called Frank formula b =2h sin /2. 20 The validity of this model appears to be well established for typical dislocation spacings larger than about four interatomic distances. 21, 22 There does not appear the same degree of consensus concerning the structure of high angle grain boundaries, for whose modeling different approaches have been proposed. Most of them belong to, or are derived from, the coincident site lattice model, from the O-lattice model or from dislocation theories [23] [24] [25] [26] ͑see also the review in Ref. 27 , and references herein͒ and they are based on a geometrical analysis of the crystallography of the boundary. The experimental works on grain boundary structure [28] [29] [30] [31] [32] [33] contribute to that kind of analysis. Let us also mention the work of Kobayashi et al. 34 that analyzes the energy of a grain boundary in a continuum model and the work of Meilikhov, 35 who recovered superconductive features of grain boundaries using a model of edge dislocations randomly distributed on the boundary, instead of regularly spaced.
The main simplification of this paper is to consider a polycrystal endowed only with low angle grain boundaries, pictured as walls holding dislocations distributed in both directions of the walls. The distribution law of the dislocation lines on the grain boundaries is discussed in the paper, either periodic or random, discrete or continuous. Otherwise, the elastic properties of the grains are isotropic and homogeneous. Thus, the only source of scattering is the presence of dislocation lines.
The paper is organized as follows: In Sec. II, we present the basic relations that allow one to treat the problem of scattering by a dislocation wall of finite size L ϫ D that is the picture of a grain boundary. This is accomplished using a wave equation with a source term that encapsulates the wave-grain boundary interaction. The formalism of multiple scattering using the Dyson equation is applied to this differential equation and calculations, for low scattering strength, up to second order are given. This leads to a derivation of the velocity change and attenuation of both longitudinal and transverse waves, the results of which are presented in Sec. III. One important aspect of the present study is that we find a frequency dependence of acoustic attenuation that is a linear combination of quadratic and quartic terms, in agreement with the results of Zhang et al. 12 A more detailed comparison with those experiments is presented and discussed in Sec. IV. The quartic contribution found in our model is also compared with the quartic contribution usually found when considering the changes in elastic constants from grain to grain. Including this effect in a complete model is easy since both effects simply superimpose, as shown in Appendix C. Concluding remarks are given in Sec. VI, and technical details are given in the appendices.
II. PROPAGATION OF WAVE THROUGH A RANDOM DISTRIBUTION OF GRAIN BOUNDARIES
In this section, we present the derivation of the wave numbers for coherent waves propagating in an effective medium that is an elastic medium filled with a random distribution of dislocation walls of finite size. This is our picture of the grain boundaries. It does not consider their actual topology, an effect that should not be important at long wavelengths. These wave numbers have a real part, which differs from the real wave numbers / c L,T in the absence of grain boundaries, and an imaginary part, corresponding to the attenuation of the propagating waves.
The derivation is performed using a usual multiple scattering theory, solving the Dyson equation assuming low scattering strength. This approach has been previously developed for isolated dislocation segments in Ref. 15 .
In the paper, we denote ͑ , ͒ the Lame's coefficients and the density of the elastic medium that composes the grains. With an isotropic medium, we use c ijkl = ␦ ij ␦ kl + ͑␦ ik ␦ jl + ␦ il ␦ jk ͒. With the angular frequency of the incident wave, the velocities of the transverse and longitudinal waves are c L = ͱ ͑ +2͒ / and c T 
A. Derivation of a wave equation with a source ""potential"… term It has been shown in previous paper 36, 37 that the interaction of a single moving edge dislocation with elastic waves is described by a wave equation with a source term. To do that, we described the two step scattering mechanism as pictured in Fig 2. First, the wave incident on the dislocation segment ͑pinned at both extremities͒ induces it to oscillate. Low accelerations are also assumed, so that the backreaction of the radiation on the dislocation dynamics can be neglected. Following Ref. 38 and under these hypotheses, the equation of motion of an edge dislocation takes the form of the equation of motion for a string endowed with mass and line tension, forced by the usual Peach-Koehler force 39, 40 mẌ k ͑s,t͒ + BẊ k ͑s,t͒ − ⌫X k Љ͑s,t͒ = F k ͑t͒,
͑2.1͒
and the associated boundary conditions at pinned ends X k ͑±L /2,t͒ =0. In Eq. ͑2.1͒, m Ӎ b 2 defines a mass per unit length, ⌫ Ӎ b 2 c T 2 a line tension, B is the drag coefficient, and F k = ⑀ kjm m b i ij the Peach-Koehler force ͑⑀ ijk denotes the usual completely antisymmetric tensor͒. The dislocation is assumed to be a gliding edge dislocation, so that the motion X occurs along the direction of the Burgers vector. We denote t this direction, with b = bt, the direction along the dislocation line, and n ϵ ϫ t.
In previous papers 15, 37 where interest was in the low frequency regime, this equation was solved in the limit kL Ӷ 1, so that all the points of the segment received a wave with the same phase. Here, we choose to treat the general case and the solution is
L/2 ab denotes an inner product. In the second step, the moving dislocation emits a scattered wave whose form can be derived using the wave equation and the discontinuity relation ͓u͔ = b, first given in Ref. 41 , see also Ref. 14,
where the Green tensor of free space
In Eq. ͑2͒ Continuous distributions, among which p͑y͒ =1/h is the continuous extension of the periodic discrete distribution.
The choice of a particular distribution is expected to influence significantly the expression of the field scattered by one/several grain boundary/ies in Eq. ͑2.3͒ only when the wavelength is comparable to the distance among dislocations within the grain boundary. However, when the interest is in the characterization of the effective medium ͑namely the attenuation and the velocity change͒, many grain boundaries are considered and an ensemble average is performed over all the parameters describing the grain boundaries. It will be seen that this average smoothes the differences between the different distributions p͑y͒: The result at first order is independent of the choice of p͑y͒ and at second order, the limit kD Ͻ 1 is found to be roughly independent of p͑y͒. Combining Eqs. ͑2.2͒ and ͑2.3͒ leads to a wave equation with a source ͑"potential"͒ term ‫ץ‬
where
͑2.6͒
B. Derivation of the modified wave numbers
The derivation of the potential in Eq. ͑2.6͒ allows one to treat the problem of the propagation of elastic waves through a polycrystal following a usual multiple scattering theory. Let us consider a configuration with an ensemble of grain boundaries described by a set of parameters ͑the position and the orientation of the boundaries for instance͒. This realization is described by a potential V T = ͚ i V i in the wave equation as in Eq. ͑2.5͒, with V i the potential of the ith grain boundary, as given in Eq. ͑2.6͒.
The problem can be formulated in terms of the modified Green tensor ͗G͘, that gives the impulse response of the medium averaged over all realizations of disorder, the average being taken over the set of parameters that describe a given configuration. The multiple scattering theory gives the modified Green tensor in the Dyson equation: [42] [43] [44] 
where ⌺ is the so-called mass operator related to the potential. The main difficulty in solving the Dyson equation is to find ⌺ but a closed form can be written if an approximation of ⌺ is performed for weak scattering. In that case, ⌺ can be expanded and, up to second order in a small parameter that measures the scattering strength, we have FIG. 2. Two step scattering mechanism of an elastic wave by a dislocation segment. The incident wave hits the dislocation, causing it to oscillate in response; the oscillation motion generates an outgoing scattered wave.
In the case where V T is a sum of individual potentials and assuming no correlations between the scatterers ͑that is no correlation between the parameters that define the disorder͒, the mass operator takes a simpler form as a function of the potential for a single scatterer. In Fourier space, this is written as
where n is the density of scatterers and where the integral over dC corresponds to the average over all the parameters of disorder.
In
What differs from one grain boundary to the other is ͑3͒ the grain boundaries have different line spacing h, or equivalently different N values. This allows one to account for different misorientations between adjacent grains since a growing misorientation angle is expected to produce a decreasing line spacing and ͑4͒ the grain boundaries have random position and random orientations. To simplify the calculations, assumptions ͑3͒ is reduced to its simplest form where h can take any value in the interval ͓h − ⌬h , h + ⌬h͔, with ⌬h Ӷ h ͓implying, for all f functions, ͗f͑h͒͘ Ӎ f͑h͔͒. In summary, a realization of disorder corresponds to many grain boundaries of same size ͑dislocation walls͒, with density n, randomly distributed and orientated in an elastic medium ͑otherwise homogeneous and isotropic͒ with different ͑low͒ misorientation angles.
The whole task is now to derive the wave numbers K L,T of the modified Green function ͗G͘. The details of the calculations are reported in Appendix A and we find, for k = ke 3
͑2.9͒
With the notations
B c ϵ 2m 1 , and ␤ ϵ B / B c , the first-order terms are
where f j ϵ sin 2 for j even and f j = cos 2 for j odd. This result at first order is independent of the distribution law p͑y͒ for the dislocation lines along the grain boundaries. This is because the first-order calculation corresponds to single scattering process averaged over all possible positions and orientations of the grain boundaries. The average causes the particular organization encapsulated in p͑y͒ to disappear. The calculation at second order, however, does depend on the choice on p͑y͒ since it involves a self-irradiation term: it is the contribution of the waves hitting twice the same scatterer. This contribution depends on the structure of the scatterer ͓here on p͑y͔͒, and the sum of waves hitting successively two dislocation lines of the same grain boundary will be different when, say, the line spacing is constant or random, since interferences are expected. The second-order terms are
The function f appearing in h x in Eq. ͑2.12͒ depends on p͑y͒ and we found
2 , characteristic of interference pattern produced by periodic arrays, for a discrete periodic distribution. ͑3͒ f͑D͒ = ͓1 − sinc 2 ͑D /2͔͒h / D + sinc 2 ͑D /2͒ for a discrete random distribution.
Note that f͑D͒ tends to unity for D Ӷ 1 whatever the form of p͑y͒. The function f are quite the same for the continuous distribution and for the discrete periodic one, as it can be seen in Fig. 3 .
Since the effective wave numbers K a , a = L , T, are expected to be close to the undisturbed wave numbers k a , we easily find, using
͑2.14͒ h xT ͑a,u͒ ϵ ͑1 − 3a 2 + 4a 4 ͒f͓xr͑a − u͔͒
where r ϵ D / L. The previous expressions simplify considerably in the limit x Ӷ 1 of low frequencies, as will be seen in Sec. III B. Also, in that limit, it is easy to see that the case of isolated dislocation segments studied in Ref. 15 is recovered for D / h =1,kD Ӷ 1, in agreement with the fact that, for long wavelengths, the wave will see the grain boundary as a single, fat, dislocation segment.
III. VELOCITY CHANGES AND ATTENUATIONS

A. General expression of the velocity changes and attenuations
The attenuations ␣ a ϵ Im͓K a ͔ and modified velocity v a = / R͓K a ͔͑a = L , T͒ can be simply deduced from Eq. ͑2.13͒
and the attenuation
Typical behaviors of the attenuation and velocity change ⌬v a ϵ c a − v a are shown on Fig. 4 ͑technical details about the numerical calculations are given in Appendix B͒. We found two regimes, depending on the value of the drag B compared with the critical value B c ϵ m 1 that fixes the limit of the over-and underdamped regimes for the dislocation motion. In the underdamped regime ͑␤ ϵ B / B c Ͻ 1͒, the frequency law for the attenuation is a combination of a quadratic and quartic terms at low frequencies / 1 Ͻ 1. Above 1 , resonances appear for incident wavelengths that are a submultiple of the grain size L͑ = n 1 ͒. These resonances are smoothed because of the damping ͑encapsulated in B͒ and increasing ␤ ϰ B causes them to disappear in the overdamped regime ␤ Ͼ 1. A more detailed discussion on these regimes can be found in Ref. 15 . The attenuation involves the secondorder calculation. Calculations have been performed with the different distribution laws p͑y͒: continuous, periodic, and random. The difference between the three p͑y͒ laws decreases increasing ␤. This is because the second-order contribution is independent of ␤ and increasing ␤ makes the first-order contribution dominant ͓otherwise independent of p͑y͔͒. For ␤ =10 −5 , the difference between the ␣ values is lower than 0.15% for Ͻ 1 . It reaches 50% for Ͼ 1 , as shown in the inset of Fig. 4͑a͒ 
−6 −10͔ 1 . From these figures, the limit of validity of the present calculations can be commented upon. Our approach assumes that the multiple scattering medium behaves as an effective dissipative medium in which a coherent wave propagates, and a perturbative development is performed. This implies ⌬v / c Ӷ 1 and ␣ / k Ӷ 1, both conditions being a consequence of the perturbative method. It can be seen that, in the underdamped regime, frequencies Ͼ 1 give high attenuation and velocity change because of the resonances. In that regime, the weak scattering approximation will cease to be valid.
B. Velocity change and attenuation in the low frequency regime
In the low frequency regime ͑ Ӷ 1 or x Ӷ 1͒, the expressions for velocity change simplify to
with C T =4/͑5 4 ͒ , C L =16/͑15␥ 2 4 ͒, and for attenuation to Fig. 4 and a discussion can be found in Ref. 15 . In the underdamped regime, the terms x␤ Ӷ 1vanish and the attenuation has simply a contribution in x 2 due to the drag B ϰ ␤ and a contribution in x 4 due to multiple scattering process. This behavior is compared with experimental results in Sec. IV.
IV. COMPARISON WITH ZHANG et al. EXPERIMENTS
In a recent publication, Zhang et al. 12 have reported the experimental measurement of the attenuation of longitudinal waves with frequencies in the 10 MHz range ͑meaning wavelengths of the order of millimeter͒ in polycrystalline copper. The care taken by these authors to prepare the samples allowed them to characterize very accurately the frequency dependence, and the data clearly exhibit, in addition to the usual quartic law, a quadratic term. The data fits reported in that paper are discussed in this section.
Following Zhang's notation, we write ␣ = ␣ L ͑c = c L ͒ and 
͑4.1͒
Now, our expression ͑3.4͒ in the limit x Ӷ 1 and in the underdamped regime gives the same polynomial expansion as Eq. ͑4.1͒ with the identifications Note the proportionality of ␣ 2 with D. The latter is a linear dimension associated with grain boundary size, which it is not unreasonable to suppose proportional to grain size. In this case this formula provides a rationale for the linear scaling between ␣ 2 and grain size found by Zhang et al. 12 We have to introduce simplifying assumptions concerning grain shape that should not affect measurements performed at length scales much larger than grain size:
͑1͒ Following Zhang et al., we shall call d the grain size, and we shall assume it is of the same order of magnitude as all dimensions of the grain boundaries, or, in the language of the present model, the dislocation walls:
With the previous assumption, we assume nd 3 ϳ 1, which means that the grains are "cubes" uniformly distributed throughout space. With these assumptions it is possible to find simplified expressions with only two undetermined parameters: h, the mean distance between two dislocations within a grain boundary, and B / b 2 , a ratio that depends on the characteristics of the dislocation in the grain boundary: 
͑4.5͒
Results are presented in Table I ͑values V1͒, for =9 ϫ 10 −3 kg m −3 , c = 4900 m s −1 , and ␥ =2.
The results for h seem eminently reasonable: The few micrometers found for the distance between dislocation corresponds to the value, first observed by Lacombe 45 and reported by Read and Shockley in 1950. 19 It corresponds to a low angle grain boundary with a disorientation angle of about 10 −3 rad for b around 1 nm. The results implied for B / b 2 however, differ from the values of B commonly accepted for an isolated dislocation. Indeed, in this case b is typically below the nanometer and B is around 10 −5 Pa s at room temperature, [46] [47] [48] giving a value for the ratio B / b 2 around 10 13 Pa s m −2 if the dislocation segments within a grain boundary behave as isolated dislocation segments. This is at least one order of magnitude above the results reported in Table I , reasonably suggesting that the presence of neighboring dislocation segments strongly affects their damping dynamics. In other words, keeping the usual value of b, the drag B of the dislocation segment in the grain boundary is found around 10 −6 Pa s, a value significantly smaller than the value for an isolated dislocation. Finally, note that we can check the assumption made that the dislocations move in an underdamped regime since the ratio B / B c is found to typically lie between 0.02 and 0.2.
Comment on the polynomial approximation. The validity of the polynomial approximation is measured by the difference with the exact theoretical expression ␣ th given in Eq. ͑3.2͒, whose approximated form is the polynomial approxi- mation only for x Ӷ 1. Since the experimental configurations for PM3, PM4, CW4, and CW5 cover x between 0.08 and 0.5, the approximation may be questioned. We denote ␣ exp the polynomial approximation ͓indeed, remember that the polynomial approximation with h and ͑B / b 2 ͒ in Eqs. ͑4.4͒ and ͑4.5͒ gives exactly the experimental results, by construction͔ and E = ͉␣ th − ␣ exp ͉ / ͉␣ exp ͉ the difference with the exact expression.
The difference E on the attenuation is as follows ͑a mean value is taken in the frequency range ͓10-18͔ MHz͒: For PM3 ͑x Ͻ 0.14, B / B c = 0.03͒, we get E = 7%. For PM5 ͑x Ͻ 0.4, B / B c = 0.03͒, E = 25%. For CW2 ͑x Ͻ 0.15, B / B c = 0.19͒, E = 1.3% and for CW4 ͑x Ͻ 0.5, B / B c = 0.18͒, E = 16%. As expected, E increases as x increases. Figure 6  illustrates Figure 5 illustrates the procedure.
The resulting values ͑V2͒ are also presented in Table I and in Fig. 6 . The resulting error E is decreased, around 1% for all samples.
Note that the difference between values ͑V1͒ and ͑V2͒ is significant but, as expected for relatively small x values, it does not change the order of magnitude of h and B / b 2 .
V. COMMENT ON THE EFFECT OF GRAIN ANISOTROPY
The attenuation measured in polycrystals has been widely studied as originating from the variation in the elastic constants relevant for the propagation of waves from grain to grain due to the change in the grain orientation.
1-11 This effect can be encapsulated in a potential in the wave equation
where ͗c ijkl ͘ are the mean elastic constants, averaged over all possible orientations of the crystal axis, and ␦c ijkl ͑x͒ are the variations in the elastic constants from grain to grain, with respect to their mean value. In that case, the attenuation is found to be of the form Table I͒: solid lines correspond to the experimental fitted curves. The correction of the simple power law in ␣ 2 f 2 + ␣ 4 f 4 using the whole expression in Eq. ͑3.2͒ is given using ͑B / b 2 , h͒ coming from: in dashed line, the V1 values deduced from the polynomial approximation and in dotted line ͑almost superposed to the experimental curves͒ the V2 values minimizing the difference with the experimental configuration.
where c 11 is the first term of the stiffness matrix, equal to +2 for isotropic media and = c 11 − c 12 −2c 44 is a measure of the anisotropy of the single crystal. C is a numerical constant, of the order than 10 −2 -10 −3 ͑a simplified presentation of the calculation is given in Appendix C, for a more complete derivation of the Dyson equation, see Ref. 10͒. The contribution of the anisotropy of the crystal grain corresponds to a second-order contribution in the perturbative expansion, the first order vanishing because it is proportional to ͗␦c ijkl ͘ that is zero, by definition.
It is shown in Appendix C that the attenuations due to the dislocations in the grain boundaries and due to the grain anisotropy simply superpose when both effects are considered. The attenuation could be thus written, with both effects,
͑5.3͒
where we have used the simplified expression in Eqs. Table  I͒ , the two contributions are of the same order of magnitude. This means that including both effects in our study would not change significantly the results on the values of B and h. Of course, this balance can change depending on the polycrystal.
VI. CONCLUDING REMARKS
Recent measurements of ultrasound attenuation can be understood in terms of a model that blames the attenuation on scattering by grain boundaries that are made of dislocation arrays. For low frequencies, that is, wavelengths long compared to grain size, the grain boundaries mainly behave as an ensemble of isolated dislocations, with an effective mass and an effective Burgers vector equal to the total mass and the total Burgers vector "held" by the grain boundary. A frequency law that is a linear combination of quadratic and quartic terms naturally appears. The quadratic term is due to the drag experienced by the dislocations as they respond to the externally generated acoustic wave. The quartic term is due to the damping experienced by the coherent wave as energy is taken from it by the randomly placed grain boundaries; it is an effect of disorder.
The quadratic scaling of the attenuation due to ͑indi-vidual͒ dislocation damping has been known since the 1950s [50] [51] [52] [53] [54] and the extra quartic contribution that appears when many, randomly located, dislocations are present, has been identified more recently. 15 In the low frequency regime, the quadratic contribution of the dislocations ͑say of length l͒ to the attenuation typically behaves as ␣ ϳ 10 −3 ⌳l␤͑ / 1 ͒ 2 with 1 = c / l the first resonance frequency and ⌳ = nl the surface density of dislocations. This law has successfully explained the attenuation due to dislocations experimentally measured in the range of 10 −2 -1 m −1 ͑typical temporal attenuation, ␣c, being in the range 10 −4 -10 −2 s −1 for ringdown curves͒. [55] [56] [57] [58] [59] [60] [61] The attenuations measured in the experiments of Zhang et al. are two orders of magnitude larger than in experiments that refer to dislocation damping, meaning that the contribution to the attenuation of the ͑individual͒ dislocations in the bulk of the grains can be neglected.
However, grain boundaries pictured as arrays of dislocations, a good approximation in the low-angle case, are good candidates to explain the quadratic term of the measured attenuation, with the dislocation drag significantly diminished by the presence of neighboring dislocations nearby. The quartic term can quite reasonably be understood as arising from the presence of many, randomly placed and oriented, grain boundaries, a quartic contribution that has to be compared with the usual contribution of the change in grain anisotropy.
Zhang et al. 12 found a difference in attenuation for samples prepared via powder metallurgy and equal channel angular extrusion, presumably linked to the difference in grain size distribution. In our work, while we can fit the data with appropriate values for the dynamic attenuation of dislocation motion B, we have taken an approximation in which grain boundaries, while randomly distributed, have identical sizes. Our formalism allows for a more general treatment with a more realistic distribution, and remains a possible direction for future work.
Finally, the dislocation walls that form grain boundaries appear to be good candidate as source of damping in polycrystals. Further measurements of the attenuation in a larger range of frequencies would be helpful ͑1͒ to confirm the results of Zhang et al. concerning the quadratic contribution in the low frequency regime, ͑2͒ to discriminate between the contribution due to the dislocation walls and due to the anisotropy in the transition ͑near 1 ͒ regime, and ͑3͒ to investigate the high frequency regime where resonances should be observed. Also, the low value of the drag coefficient that we obtain using the data of Zhang et al. needs to be further investigated if this result is confirmed. 
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APPENDIX A: DERIVATION OF THE MASS OPERATOR
The task is here to derive the so-called mass operator ⌺ that links the modified Green tensor ͗G͘ of the effective medium ͑corresponding to an average of all realizations of the medium filled with random distributions of scatterers͒ and the Green tensor G 0 of the elastic medium free of scatterers. In the limit of weak scattering, the mass operator can be developed as in Eq. ͑2.8͒. In our case, the calculation is performed up to second order. The first order gives the velocity change and a term of the attenuation due to internal viscosity ͑via the drag term B in the equation of motion for the dislocation͒ and the second order gives a term in the attenuation due to the energy that is taken away from the direction of propagation. This latter term exists even in the absence of any viscous effect.
To do the calculations, we restrict ourselves to the following assumptions: The randomness has two sources: ͑1͒ The grain boundaries hold different number N of dislocation lines, or equivalently different spacing h. This allows one to account for different misorientations between adjacent grains since a growing misorientation angle is expected to produce an increasing N value. We choose the simplest case where h can take any values in the interval ͓h − ⌬h , h + ⌬h͔ with ⌬h Ӷ h, thus we use ͗f͑h͒͘ Ӎ f͑h͒. ͑2͒ The grain boundaries can have any orientation, the orientation of a grain being given by the orientation of the two vector ͑ , t͒. The two vector is described by the Euler angles ͑ , , ͒. We denote R the rotation matrix R = R͑e 3 , ͒R͑e 2 , ͒R͑e 1 , ͒, R = cos cos − sin cos − sin cos sin sin sin − sin cos cos cos sin cos cos − sin sin sin − cos sin − sin sin cos sin cos sin cos cos
͑A1͒
Also, when a discrete random distribution of dislocation lines is considered: p͑y͒ = ͚␦͑y − y n ͒, with y n randomly distributed in ͓−D /2,D /2͔, an additional average has to be performed to account for all possible positions of y n . This is done through ͐dy 1 dy 2 ...dy N / D N ., indicating that each y n has the D length as accessible space. Finally, the average over the orientations of the grain boundaries is encapsulated in the notation ͐dC.
First-order calculation
The first-order calculation is straightforward. We have, denoting n ͑͒ϵsin͓͑n / L͒͑ + L /2͔͒ and p n ͑͒ϵ1/͑ 2 − n 2 + iB / m͒,
where we have used ͐dyp͑y͒ = N = D / h for any distribution of dislocation lines and where
The integration over C has to be performed over the Euler angles ͑ , , ͒ since we have to account for all orientations of the two vectors ͑ , b͒. We denote R the rotation matrix R ϵ R͑e 3 , ͒R͑e 2 , ͒R͑e 1 , ͒, R = cos cos − sin cos − sin cos sin sin sin − sin cos cos cos sin cos cos − sin sin sin − cos sin − sin sin cos sin cos sin cos cos
͑A3͒
Without loss of generality, we choose = Re 1 , t = Re 2 , n = Re 3 and we choose arbitrarily k = ke 3 ͑the general form of the modified Green function can be obtained through rotations afterwards if desired͒. We obtain
with V i ϵ R i3 R 32 + R i2 R 33 . Since R 31 = sin is independent of and in f n , it is easy to integrate over and . This allows one to show that ⌺ ͑1͒ is diagonal with ⌺ 11 ͑1͒ = ⌺ 22 ͑1͒ . We denote
where we have used = c T 2 .
Second-order calculation
Calculations at second order are quite long but similar to the first-order ones. We report here the main steps of these calculations,
We use G 0 ͑x͒ =1/͑2͒ 3 ͐ dqG 0 ͑q͒e iqx and X͑ , y͒ = + yn to get
which can be written without indices in a more tractable form
where A ϵ t qMG 0 ͑q͒Mq is a scalar term, V ϵ Mk is a vector and with g͑x͒ϵ͉͚ n a n ͑x͉͒ 2 . The function f depends on the distribution law considered for the dislocation lines. With
where ͗·͘ denotes the average over h and for the discrete random distribution, the average over the positions of the dislocation on a single grain boundary.
Let us give the expression of the function f for the continuous or discrete distributions p͑y͒: The typical behavior of these functions is illustrated in Fig. 3 . We choose now = Re 3 , t = Re 2 , n = Re 1 , and still k = ke 3 with A ϵ t qM 12 G 0 ͑q͒M 12 q͑M 12 ϵ e 1 t e 2 + e 2 t e 1 ͒ and V ϵ Me 3 . In the absence of the functions f and g, the integrals over C and q would be separable since A depends only on q and V only on the Euler angles described by C. As in the calculation of the mass operator at first order, the choice of k along e 3 and n is motivated by the fact that R 31 = sin ͑ap-pearing in the coupling function f͒ allows the direct integration over the two other Euler angles ͑ , ͒. Here, because we have to deal with k· and k·n, we have to let in the coupling functions at least one other Euler angle: it appears in g through R 33 = cos cos . It is thus possible to integrate freely the operator V t V only over . In a similar way, the integration of A over q can be performed singly ͑q 2 , q 3 ͒ since the coupling function f involves only q 1 and we choose the angles ͑␣ , ␤͒, such q 1 = sin ␣, q 2 = cos ␣ cos ␤, q 3 = cos ␣ sin ␤ so that integration of the scalar term A over ␤ can be performed directly.
In addition, we are only concerned by the imaginary part of ⌺
͑2͒ . This appears through the calculation of ͐dqAf͓kR 31 −1 ͔ and ͑with a ϵ sin ␣ and integrating over ␤͒ Im ͫ͵ dqAf͑kR 31 
͑A8͒
The remaining integral over the Euler angle is performed over V t V with V 1 = −sin cos sin + cos 2 cos sin , V 2 = cos cos sin + cos 2 sin sin , V 3 = sin 2 sin . This integration is sufficient to show that ⌺ ͑2͒ is diagonal with ⌺ T ͑2͒ = ⌺ 11 ͑2͒ = ⌺ 22 ͑2͒ , ⌺ L ͑2͒ = ⌺ 33 ͑2͒ and we get ͑with u ϵ sin ͒ 
